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IV. The Algorithm
1) Compute A =p?-1; B=p2, —1.
2) If 1Al <ethenA=0.
3) If IBl <ethen B=0.
4) If x,=x,thenp_,=—1and u, = (AB) " +pw,,.
5) If x,#x,, then
a) replaceaby a+e¢,and bby b—e.
b) if B#0thenz*=14/B1 %, else z* =0.
¢) If JA<Oand JB<Oandz,<z*=<z,
thenpj=—J-(AB) % +pwp,,
else u;=J-max[J-C(z,), J-C(z,)].
d) Setp,=J-min[l,J-pujl; p_,;=~J.
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Introduction

ECAUSE of the high ambient temperatures that prevail

in many phenomena, it is of interest to consider the
effects of thermal radiation in gasdynamics. Since at high
temperatures a gas is likely to be at least partially ionized,
electromagnetic effects can also be significant. One is thus led
to study the interaction of the radiation and electromagnetic
effects that may arise in problems of solar photosphere,
rocket re-entry, and elsewhere. This Note extends the work of
Singh and Sharma!' to the magnetogasdynamic regime, and
the effects of radiative transfer are treated by the use of a
differential approximation which is valid over the entire
optical depth range from the transparent limit (considered in
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Ref. 1) to the optically thick limit. The magnetic field is taken
to be transverse to the direction of propagation of the wave.

Basic Equations
The fundamental equations are

(0p/0ty tup ; +pu;; =0 1)

p{0u; /3ty +puu; ; +(p+pg) ;+uH;(H;;—H;;)=0 (2)

(0H, /3ty +u;H, ;—Hu, ;+ Hu,; ;=0 A3)
Ei ) e (s )
a(——~+— it +ou | ——— + £
”{ piy=1) oiy=1) o )i
+(p+Dpg) u,;+q;; =0 (€]
p=p®RT &)

where g; (i=1,2,3) and H, are, respectively, the components
of the radiative flux vector and the magnetic field strength, p
the magnetic permeability, and ® the gas constant. The
remaining symbols have the same definitions as in Ref. 1. The
Maxwell equation H,; is essentially included in Eq. (3)
because the divergence of that equation gives 8 (H, ;) /0¢=0.

Within the differential approximation the equations of
radiative transfer 2 may be written as the pair

(OER/3t) +q,; = — Kk, (cEg —40T?) 6)
(1/¢) (3q;/31) + (¢/3) Ep; = — K ,q; (7

where l€p is the absorption coefficient dependingonpand 7, ¢
Stefan’s constant, and ¢ the velocity of light. Further, within
the order of this approximation, the radiative pressure py is
one-third of the radiative energy £,.

Equations (1) and (4) yield

(3p/aty +u;p ;+pa’u;;
+3(y=1) ((3pg/dt) +upg;) +(v=1)q;; =0 ®)

where a={ (yp+4(y—1)pg)/p} " is the effective acoustic
speed.

A moving singular surface I, across which the flow
parameters are essentially continuous but the discontinuities
in their derivatives are permitted, is called a weak wave.
Forming jumps across L in Eqgs. (1-3) and (6-8) and using
u, =0 and the compatibility conditions, > we get

GE=pohin; ®

0oGN; =&n; +8n; +pH .0, (10)
Gn;=H\n; ’ an

3GO=¢;n; (12)

Ge; =c?0n; (13)
GE—poaihin, = (y—1I) (¢;n,—3G8) (14)

where the subscript 0 denotes a value at the wave head; n; is
the unit normal vector; and u,=un;, N\=I[u;;ln,
€= [q,',j]nj; n= [H,'J]nj: §= [.D,,-]";, {= [P,,‘]n,' and 0=
[pg,;)n; are defined on Z.

For an advancing wave surface, Egs. (9-14), on using the
fact that G#0, yield -

G=c/3% (1s)
G=Ca, (16)
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where Ce) = (aj+bf) . The quantities a, and b, are,
respectively, the acoustic speed and Alfven speed given by
aj={yp,+4(y— Dpr,} /00 and b3 =uH3/p,. Equations (15)
and (16) represent the speeds of radiation-induced wave and
the modified magnetogasdynamic wave, respectively.

Behavior of Radiation Induced Waves

When the first-order discontinuities propagate along the
radiation-induced waves L, Eqgs. (9-14), using Eq. (15), yield

b=e/3%c )
t=3%e/c3 (1= (3Cy /c?)) (18)
E=3"age/c’ (1 (3Cly,/c?)) (19)
N=€/pgc? (1= (3Cyg,/c?)) (20)

where e=¢,n; and A= \;n; are the wave amplitudes. Equation
(5) together with Eqgs. (18) and (19) gives

[T,in;= ‘/’(ao——azro)e/(ﬂpoﬂ(l—(3Ceffo/c2))sx @1

where ar, = (py/p,) * is the isothermal speed of sound.

When %q (7) with the help of Eq. (6) is differentiated with
respect to f and jumps are taken across I, we find, on using
Eqgs. (15) and (18-21) and the compatibility conditions, 3 that

(ON/8t) +c(k,—3 7 Q)N=0 (22)

where the terms containing c¢? in the denominator are
neglected. Equation (22) is the governing differential equation
of the amplitude of a radiation-induced wave. The mean
curvature £, 4 propagating with the constant velocity G, has
the representation

Q= (Qy—K,Gt) /(1 -29,Gt+K,G?1?) 3)

where Q,= (k;+k&,)/2 and K,=k,k, are, respectively, the
mean and Gaussian curvatures of & at =0 with £, and &,
being the principal curvatures. When k&, and k, are both
nonpositive, the wave is divergent. If one or both of the
principal curvatures are positive, the wave is convergent.
Equation (22), using Egs. (15) and (23), can be integrated to
yield

A=N,lexp(—k,ct) (24)

where I={(1-3""k,ct)(1-3""k,ct)}
value of Nat7=0.

For diverging waves, Eq. (24) shows that A—=0as7—, i.e.,
the radiation-induced waves are damped and the formation of
a front carrying discontinuities in the flow quantities is not
possible from a continuous flow. Equations (17-21) show that
the quantities ¢{, £, A, and x are small compared with € and 6,
as it should be in radiation-induced waves. For converging
waves, there exists a finite time #*, given by the smallest
positive root of (3" —k,cf)(3% —k,ct) =0, such that A\— oo as
t—t*. This corresponds to the formation of a focus.

~%, and A, is the

Behavior of Modified Magnetogasdynamic Waves
Now consider discontinuities in the first derivatives of flow
quantities propagating along a modified magnetogasdynamic
wave L. The flow ahead of this wave will be disturbed by
radiation-induced wave for which \, £, {, and x are small

compared to 6 and €, and therefore the main effects on -

modified magnetogasdynamic waves will be derived for the
special case in which #; =0 and p, p, and T are constant ahead
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of £. Equations (9-14), using Eq. (16), yield
N=Ce;,&/p0a5 = Cet) /09 = CotryniH;/ Hj (25)
e=0=0 (26)

When Egs. (2), (3), and (6-8) are differentiated with respect
to x, and jumps are taken across I, we find, on using Egs. (5),
(16), (25), and (26) and the compatibility conditions,? that the
resulting equations can be combined to yield

(8N/81) + (Ag = Cogr, @ N+ T N =0 @n
where
A -_=h 16k, 0T} (a2 ~a2 Y{1+C, (y—1) !
0= Z(RPoCeffo pTip\dp —ag, efig \Y

cie=cip 1= fan (), v ().

¢q, + Cyy, (cEg —40T}) }]
(y=1)(c?=3C¥;,)

X {(cER0-4ng) +

+1)a} +3b3
I‘o=(’y—)————-—£>0 and q,=q;n;

2Ceff0

Since k is an arbitrary function of p and 7, the sign of A,
may be posmve or negative depending on the form of k..

Equation (27) is the governing differential equation of the
amplitude of a modified magnetogasdynamic wave. The
solution of Eq. (27) is

N=hgexp (= Ag?) T, (1) 7 (1 4+ NT oL, (£)) 28)

where
1) = { (1 =k, Cegryt) (1=k;Cogyt) ) =% 29
I (1) = S; I, (Dyexp(—A,0)df (30)

The behavior of the wave amplitude depends upon the signs
of k,, k,, and A,. The following possibilities are easily
verified from Egs. (28) and (30).

Diverging Waves
Let A,>0, from which I, converges at {—oo. If A\;>0
(expansive wave), then A—0 as - (i.e., the wave decays). If
N\, <0 (compressive wave), there is a critical amplitude A,
given by

A= {ro S:I, () exp( —Aot)dt} B

such that if | A, | <\, then A—=0as r—oo; if |\, | >, the
wave grows into a shock in a finite time f. given by
L(t)=(Ty [N |) - 3 4f | Ny | =A., then )\—-(Ao/I‘o) as
t—oo, i.e., the wave takes a stable form. The derivatives of ¢,
with respect to Ay, |k, |, and |k, | are positive; therefore
an increase in Ay, |k, |, or | k,| delays the onset of the
shock wave. Further, since A, decreases with increasing
magnetic field, we infer that magnetic field effects hasten the
onset of the shock wave.

Let A, <0, from which Jim 7, (f) =o. If X,>0, then
A= (] Ay | /T,) as t—oo. If N\ <0, all compressive waves, no
matter how small their initial amplitude, always terminate
into shock waves in a finite time 7, (i.e., |\| —~oo as t—7,)
given by

Socl,(t)exp( | Ay | O)de=(Ty [ Mg 1) !
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The derivative of 7, with respect to |A,| is negative;
therefore the thermal radiation effects with A, <0 hasten the
onset of a shock wave, whereas the magnetic field effects
delay the onset of a shock wave.

Converging Waves

Let k, %k, and A,>0, or A,<0, from which I,—o0 as

t—1t* and I, (#) tends to a finite value as r—#* where t* is a
finite time given by the smallest positive root of (1-—
k Ceff D1 —k,Co; D=0.If N\;>0, | N\| 0 as t—1*, i.e., a
focus {s formed. If 3\ <0, there is a critical amplitude ):C given
by

XC={F012(t*)}_1
such that if | Ny | <X, then | A | —o0 as t—1*, i.e., the focus
forms but not the shock; if |\, | > A, then | )\| ~oas(—1,
wheret is given by
L(5)=(Tg | N |) !

Since t <t*, the shock wave is formed before the focus. If
I \o | =X, the shock and focus form simultaneously.
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Let k; #k,. Then the singularity at ¢* of the integrand in
I,(t) is of the form z ~/r(z) as z—0 where r(z) is bounded
away from zero. Hence I, (t) —o as t—t*. If \,>0, then

N|] —o as t—t*, i.e., a focus is formed within a finite time
t*. If A\, <0, the 1rrespect1ve of the sign of A,, there ex1sts a
finite time >0 such that 7<¢*, Iz(t)— (Ty | Ny |) %, and
lim INl =00, Therefore, any converging compressive wave
will grow into a shock wave before the formation of the focus,
no matter how small its initial amplitude.
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